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Abstract
A tournament is an orientation of a complete graph, and in general a multipartite or c-partite tournament is an orientation
of a complete c-partite graph. If x is a vertex of a digraph D, then we denote by d+(x) and d−(x) the outdegree and
the indegree of x, respectively. The global irregularity of a digraph D is de6ned by ig(D) = max{d+(x); d−(x)} −
min{d+(y); d−(y)} over all vertices x and y of D (including x = y). If ig(D) = 0, then D is regular and if ig(D)6 1,
then D is called almost regular.
Recently, Volkmann and Yeo have proved that every arc of a regular multipartite tournament is contained in a directed
Hamiltonian path. If c¿ 4, then this result remains true for almost all c-partite tournaments D of a given constant
irregularity ig(D). For the case that ig(D) = 1 we will give a more detailed analysis. If c = 3, then there exist in6nite
families of such digraphs, which have an arc that is not contained in a directed Hamiltonian path of D. Nevertheless, we
will present an interesting su;cient condition for an almost regular 3-partite tournament D with the property that a given
arc is contained in a Hamiltonian path of D.
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1. Terminology and introduction
In this paper all digraphs are 6nite without loops and multiple arcs. The vertex set and arc set of a digraph D is denoted
by V (D) and E(D), respectively. If xy is an arc of a digraph D, then we write x → y and say x dominates y, and if X
and Y are two disjoint vertex sets or subdigraphs of D such that every vertex of X dominates every vertex of Y , then we
say that X dominates Y , denoted by X → Y . Furthermore, X ❀ Y denotes the fact that there is no arc leading from Y
to X . By d(X; Y ) we denote the number of arcs from the set X to the set Y , i.e., d(X; Y ) = |{xy∈E(D) : x∈X; y∈ Y}|.
If D is a digraph, then the out-neighborhood N+D (x) = N
+(x) of a vertex x is the set of vertices dominated by x and the
in-neighborhood N−D (x)=N
−(x) is the set of vertices dominating x. Therefore, if there is the arc xy∈E(D), then y is an
outer neighbor of x and x is an inner neighbor of y. The numbers d+D(x)=d
+(x)= |N+(x)| and d−D (x)=d−(x)= |N−(x)|
are called the outdegree and indegree of x, respectively. For a vertex set X of D, we de6ne D[X ] as the subdigraph
induced by X . If we speak of a cycle or path, then we mean a directed cycle or directed path, and a cycle of length n is
called an n-cycle. With x+ (x−) we declare the successor (the predecessor) of a vertex x in a cycle or path. A cycle or
path of a digraph D is Hamiltonian, if it includes all the vertices of D. A digraph D is strongly connected or strong, if,
for each pair of vertices u and v, there is a path in D from u to v. A digraph D with at least k + 1 vertices is k-strong,
if for any set A of at most k − 1 vertices the subdigraph D − A obtained by deleting A is strong. The connectivity of
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D, denoted by (D), is then de6ned to be the largest value of k such that D is k-strong. If (D) = 1, then the vertex
x with the property that D − x is not strong is called a cut-vertex of D. A factor is a spanning subgraph of a digraph.
A factor is a cycle-factor, if it consists of a set of vertex disjoint cycles.
There are several measures of how much a digraph diGers from being regular. In [16], Yeo de6nes the global irregularity
of a digraph D by
ig(D) = max
x∈V (D)
{d+(x); d−(x)} − min
y∈V (D)
{d+(y); d−(y)}
and the local irregularity as il(D) = max |d+(x)− d−(x)| over all vertices x of D. Clearly, il(D)6 ig(D). If ig(D) = 0,
then D is regular and if ig(D)6 1, then D is called almost regular.
A c-partite or multipartite tournament is an orientation of a complete c-partite graph. A tournament is a c-partite
tournament with exactly c vertices. A semicomplete multipartite digraph is obtained by replacing each edge of a complete
multipartite graph by an arc or by a pair of two mutually opposite arcs. If V1; V2; : : : ; Vc are the partite sets of a c-partite
tournament or semicomplete c-partite digraph D and the vertex x of D belongs to the partite set Vi, then we de6ne
V (x) = Vi. If D is a c-partite tournament with the partite sets V1; V2; : : : ; Vc such that |Vi| = ni for i = 1; 2; : : : ; c and
n16 n26 · · ·6 nc, then we speak of the partition-sequence (ni) = n1; n2; : : : ; nc and (D) = nc is called the independence
number of D.
Hamiltonian cycles in multipartite tournaments are well studied (see e.g. [2–4,6,14,16]), whereas it is not paid much
attention on Hamiltonian paths in such digraphs. Concerning the existence of Hamiltonian paths, Zhang [17] proved in
1989 that every regular multipartite tournament contains a Hamiltonian path. Recently, the authors in [12] (respectively,
the authors together with Stella in [7]) extended this result to multipartite tournaments with a given irregularity ig(D)¿ 1.
Theorem 1 (Volkmann and Winzen [12]). If D is an almost regular c-partite tournament, then D contains a Hamiltonian
path if and only if c¿ 3 or c = 2 and |V1|6 |V2|6 |V1| + 1, where V1 and V2 are the partite sets. If ig(D) = 2 and
c¿ 5, then D also contains a Hamiltonian path.





then D contains a Hamiltonian path. Moreover, for ig(D)¿ 3 the upper bound of ig(D) is optimal.
In this paper, we search for Hamiltonian paths containing a given arc. If D is regular, then the following result holds.
Theorem 3 (Volkmann and Yeo [13]). Every arc of a regular c-partite tournament D is contained in a Hamiltonian
path of D.
Now, it is an interesting extension of Theorem 3 to solve the following problem.
Problem 4. For all i :nd the smallest value, g(i), with the property that each arc of all c-partite tournaments with
ig6 i and c¿ g(i) is contained in a Hamiltonian path.
In Section 3, we will show that g(i)6 4i+4 and that almost all c-partite tournaments with c¿ 4 have the property that
each arc is contained in a Hamiltonian path. In Sections 4 and 5, we will examine almost regular c-partite tournaments.
In particular, we have shown that g(1)= 5. For the cases that c=2 or that all partite sets have the same size we can use
the following two theorems of Volkmann [11].
Theorem 5 (Volkmann [11]). Let D be an almost regular bipartite tournament with the partite sets X; Y such that
16 |X |6 |Y |. Every arc of D is contained in a Hamiltonian path if and only if |Y |6 |X |+1 and D is not isomorphic
to T3;3, where T3;3 is the bipartite tournament presented in Fig. 1.
Theorem 6 (Volkmann [11]). Let D be an almost regular c-partite tournament with the partite sets V1; V2; : : : ; Vc such
that |V1|= |V2|= · · ·= |Vc|. Then each arc of D is contained in a Hamiltonian path if and only if D is not isomorphic
to T3;3.
In Section 4, we will prove that g(1)6 6. In the case that 46 c6 5 and D does not have the partition sequence
1; 1; 2; 3 we still can prove that each arc is contained in a Hamiltonian path of D (which means that g(1) = 5), but the
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Fig. 1. The almost regular bipartite tournament T3; 3 with the property that the arc uv is not contained in a Hamiltonian path.
improvement may not be worth the additional eGort in this paper. In the case that c=3 there are in6nite families of such
digraphs with the property that not every arc is contained in a Hamiltonian path of D. Nevertheless, in the last section,
we will present an interesting su;cient condition for an almost regular 3-partite tournament D with the property that a
given arc is contained in a Hamiltonian path of D.
For more informations about multipartite tournaments, we recommend to read [1,5,10].
2. Preliminary results
The following results play an important role in our investigations. For the 6rst theorem, we need a de6nition.
Denition 7. Let D be a digraph, with two disjoint cycles C1 and C2. We shall write C1 
¿C2 when the following is
true. There is a vertex x1 ∈V (C1) such that x1 ❀ V (C2), and there is no vertex y1 ∈V (C1), such that V (C2) ❀ y1.
Furthermore, there is a vertex x2 ∈V (C2), such that V (C1)❀ x2, and there is no vertex y2 ∈V (C2), such that y2 ❀ V (C1).
Theorem 8 (Yeo [14]). Let D be a multipartite tournament with a cycle-factor F of t cycles such that t is minimum.
Then the cycles in F can be labeled in a unique way C1; C2; : : : ; Ct such that Ci 
¿Cj for all i; j satisfying 16 i ¡ j6 t.
The next theorem of Yeo is a slight reformulation of a result in his paper mentioned above.
Theorem 9 (Yeo [14]). Let D be a multipartite tournament having a cycle-factor but no Hamiltonian cycle. For some
minimal cycle-factor F with the unique numbering C1; C2; : : : ; Ct as in Theorem 8 and for all pairs of indices i and j
with 16 i ¡ j6 t, there exists a partite set V ∗(i; j) such that {x+; y−} ⊆ V ∗(i; j) when xy is an arc from Cj to Ci.
Furthermore, y− → x and y → x+.
Corollary 10 (Volkmann and Yeo [13]). Let D and F be as in the last theorem. Then, either d(C1; F − V (C1))¿
2d(F − V (C1); C1) or t = 1.
Theorem 11 (Yeo [14]). Let D be a ( q2+1)-strong multipartite tournament such that (D)6 q. If D has a cycle-factor,
then D is Hamiltonian.
Theorem 12 (Yeo [15]). If D is a multipartite tournament, then
(D)¿
|V (D)| − (D)− 2il(D)
3
:
Lemma 13 (Volkmann [9]). If X is a vertex set of an almost regular digraph D, then
|X |¿ |d(X; V (D)− X )− d(V (D)− X; X )|:
Lemma 14 (Yeo [16]). Let D be a digraph with no cycle-factor. Then V (D) can be partitioned into subsets Y; Z; R1; R2
such that
R1 ❀ Y; (R1 ∪ Y )❀ R2; |Y |¿ |Z | (1)
and Y is a set of independent vertices.
The following theorem is a useful supplement to Lemma 4.3 in [16]. The proof follows analogously to this one in [16]
or to the proof of Theorem 3.1 in [12].
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Theorem 15. Let V1; V2; : : : ; Vc be the partite sets of the semicomplete multipartite digraph D with no cycle-factor such
that |V1|6 |V2|6 · · ·6 |Vc|. According to Lemma 14, V (D) can be partitioned into subsets Y; Z; R1; R2 satisfying (1)
such that |Z | + k + 16 |Y |6 |Vc| − t with integers k; t¿ 0. Let Vi be the partite set with the property that Y ⊆ Vi.
If Q = V (D)− Z − Vi; Q1 = Q ∩ R1 and Q2 = Q ∩ R2, then
il(D)¿ |V (D)| − 3|Vc|+ 2t + 2k + 2
and
ig(D)¿
|V (D)| − |Vc−1| − 2|Vc|+ 3k + 3
2
;
if Q1 = ∅ or Q2 = ∅, and
ig(D)¿ il(D)¿
|V (D)| − |Vc−1| − 2|Vc|+ 3k + 3 + t
2
;
if Q1 = ∅ and Q2 = ∅.
If D has a cycle-factor, then the following result of Yeo holds.
Lemma 16 (Yeo [16]). If there is a cycle-factor in a semicomplete multipartite digraph D, but no Hamiltonian cycle
and if V1; V2; : : : ; Vc are the partite sets of D such that |V1|6 |V2|6 · · ·6 |Vc|, then il(D)¿ (|V (D)|−|Vc−1|−2|Vc|+3)=2.
Using Theorem 15 with t = k = 0 and Lemma 16, then we arrive at the following result.
Theorem 17 (Yeo [16]). Let D be a semicomplete multipartite digraph with the partite sets V1; V2; : : : ; Vc such that
|V1|6 |V2|6 · · ·6 |Vc|. If
il(D)6min
{




|V (D)| − |Vc−1| − 2|Vc|+ 2
2
;
then D is Hamiltonian.
According to an article of Tewes, Volkmann and Yeo [8] the following lemma holds.
Lemma 18 (Tewes, Volkmann and Yeo [8]). If D is a c-partite tournament with the partite sets V1; V2; : : : ; Vc such that
|V1|6
|V2|6 · · ·6 |Vc|, then |Vc|6 |V1|+ 2ig(D).
3. Hamiltonian paths starting with a given arc
Recently, Volkmann and Yeo [13] found the following su;cient condition for a c-partite tournament to contain
a Hamiltonian path starting with a given arc.
Theorem 19 (Volkmann and Yeo [13]). Let D be a c-partite tournament with the partite sets V1; V2; : : : ; Vc such that
|V1|6 |V2|6 · · ·6 |Vc|, and let e be an arc in D. If
|V (D)|¿ 2ig(D) + 2|Vc|+ |Vc−1|+ 1;
then there exists a Hamiltonian path in D starting with the arc e.
This leads to the following result.
Corollary 20. Let V1; V2; : : : ; Vc be the partite sets of a c-partite tournament D such that r = |V1|6 |V2|6 · · ·6 |Vc|





then there is a Hamiltonian path with the initial arc e.
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Proof. According to Theorem 19, D has a Hamiltonian path starting with e, if
|V1|+ |V2|+ · · ·+ |Vc−2|¿ |Vc|+ 2ig(D) + 1: (2)
Since Lemma 18 yields that r6 |Vi|6 r + 2ig(D) we arrive at (2), if
(c − 2)r − 2ig(D)− 1− (r + 2ig(D))¿ 0






which is the desired result.
This immediately implies the following Corollary.
Corollary 21. Let V1; V2; : : : ; Vc be the partite sets of a c-partite tournament D such that r = |V1|6 |V2|6 · · ·6 |Vc|
and let e be an arc of D. If c¿ 4ig(D) + 4 or if c¿ 3 + p and r¿ (4ig(D) + 1)=p for an integer p∈N, then there
exists a Hamiltonian path in D starting with the arc e.
Since every Hamiltonian path starting with a given arc e obviously contains the arc e, Corollary 21 yields that
g(i)6 4ig(D) + 4 with g(i) de6ned as in Problem 4. Another consequence of Corollary 21 is the following interest-
ing result.
Corollary 22. Almost all c-partite tournaments D with c¿ 4 and a given constant irregularity ig(D) have the property
that every arc of D is the :rst arc of a Hamiltonian path of D.
In the case c = 3 the assertion of Corollary 22 becomes false. As we will see in the last section, there are in6nitely
many almost regular 3-partite tournaments D with the property that not every arc is contained in a Hamiltonian path
of D.
If we know more about the sizes of the partite sets, then, using Theorem 19, we arrive at the following corollary.
Corollary 23. Let V1; V2; : : : ; Vc be the partite sets of a c-partite tournament D such that r = |V1|6 |V2|6 · · ·6 |Vc|
and let e be an arbitrary arc of D. Furthermore, let p; q; b be integers with 26p6 c − 2, 06 q6 2ig(D) and
06 b6 2ig(D)− q such that |Vp|¿ q + r and |Vc|6 r + 2ig(D)− b.
(a) If c¿ 3 + (4ig(D) + 1− b+ (p− 2)q)=(r + q), then there is a Hamiltonian path in D with the initial arc e.
(b) If c¿ 3 + s and r¿ (4ig(D) + 1− b+ (p− s− 2)q)=s for an integer s∈N, then there exists a Hamiltonian path,
starting with the arc e.
Proof. (a) Since |V1|6 |V2|6 · · ·6 |Vc|, the conditions of this corollary yield
|V1|+ |V2|+ · · ·+ |Vc−2| − |Vc| − 2ig(D)− 1
¿ (p− 1)r + (c − 2− (p− 1))(r + q)− (r + 2ig(D)− b)− 2ig(D)− 1
=− (p− 1)q + c(r + q)− 3r − 2q− 4ig(D) + b− 1:
According to Theorem 19, it is su;cient to show that the last expression is ¿ 0. This is ful6lled, if
c¿
3r + 4ig(D) + 1− b+ 3q + (p− 2)q
r + q
= 3 +




(b) Follows immediately from (a).
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4. Hamiltonian paths containing a given arc in almost regular c-partite tournaments when c¿ 4
Theorem 24. Let D be an almost regular c-partite tournament with at least r vertices in each partite set. If one of the
following conditions is ful:lled then every arc of D is contained in a Hamiltonian path of D.
(i) c¿ 7,
(ii) c = 6 and r¿ 2,
(iii) c = 5 and r¿ 3,
(iv) c = 4 and r¿ 4.
Proof. Let V1; V2; : : : ; Vc be the partite sets of D. According to Lemma 18, we observe that r=|V1|6|V2|6 · · ·6|Vc|6r+2.
Because of the Theorems 3 and 6, it remains to consider the cases ig(D) = 1 and |Vc|¿ r + 1. Let e= uv be an arbitrary
arc of D.
According to Corollary 21, D has a Hamiltonian path starting with e, if c¿ 8, c = 6; 7 and r¿ 2, c = 5 and r¿ 3 or
c = 4 and r¿ 5. Hence, there remain to consider the cases c = 7 and r = 1 and c = 4 and r = 4.
Suppose that e is not contained in any Hamiltonian path of D. If we assume that a digraph D′ has no cycle-factor,
then let the sets Q1; Q2; Vi; Y; Z; R1 and R2 be as in Theorem 15. In the following we will often use the subdigraph
D′ = D − v with the partite sets V ′1 ; V ′2 ; : : : ; V ′p such that |V ′1 |6 |V ′2 |6 · · ·6 |V ′p |. It is obvious that c − 16p6 c.
Case 1: Let c = 4 and r = 4.
If |V2|¿ 5 or |V4|6 5, then Corollary 23(b) with p= 2, q= 1 and b= 0 or with b= 1 and q= 0 implies that D has
a Hamiltonian path with the initial arc e, a contradiction. Since ig(D) = 1, the partition-sequence 4; 4; 5; 6 is impossible.
Consequently, there remain to treat the partition-sequences 4; 4; 4; 6 and 4; 4; 6; 6.
Subcase 1.1: Let (ni) = 4; 4; 4; 6.
It follows that d+(x) = d−(x) = 7 for x∈V1 ∪ V2 ∪ V3 and d+(x) = d−(x) = 6 for x∈V4.
Subcase 1.1.1: Suppose that one of the vertices u and v is in V4, say v∈V4.
We conclude that D′=D− v has the partition-sequence 4; 4; 4; 5 such that {d+(x); d−(x)}= {6; 7} for x∈V ′1 ∪V ′2 ∪V ′3
and d+(x) = d−(x) = 6 for x∈V ′4 . Since (|V (D′)| − |V ′3 | − 2|V ′4 |+ 2)=2 = 52 ¿ 1 = ig(D′) Theorem 17 implies that D′ is
Hamiltonian, and thus D contains a Hamiltonian path with the terminal arc e, a contradiction.
Subcase 1.1.2: Let {u; v} ⊆ V1 ∪ V2 ∪ V3.
Again, we de6ne D′ = D − v. This implies that D′ has the partition-sequence 3; 4; 4; 6 and il(D′) = 1.
Subcase 1.1.2.1: Assume that D′ has a cycle factor.
Since (|V (D′)| − |V ′3 | − 2|V ′4 | + 3)=2 = 2¿il(D′), Lemma 16 implies that D′ is Hamiltonian, and thus D contains a
Hamiltonian path with the terminal arc e, a contradiction.
Subcase 1.1.2.2: Assume that D′ has no cycle-factor.
Because of (|V (D′)|−|V ′3 |−2|V ′4 |+3)=2=2¿il(D′), Theorem 15 yields Q1=∅ or Q2=∅. If |Y |6 5 or |Z |6 |Y |− 2,
then we arrive at a contradiction to Theorem 15 with t¿ 1 or k¿ 1. Hence, let |Y | = 6 and |Z | = 5, and thus
|Q|=6.
Firstly, let Q1 = ∅. This implies Q = Q2. Since |Q| = 6, it is a simple matter to verify that there is a vertex q2 ∈Q2
such that d−D[Q2](q2)¿ 2, and because of Y → Q2, we obtain the contradiction d−(q2)¿ 8.
Analogously, we arrive at a contradiction, if Q2 = ∅.
Subcase 1.2: Let (ni) = 4; 4; 6; 6.
It follows that d+(x) = d−(x) = 8 for x∈V1 ∪ V2 and d+(x) = d−(x) = 7 for x∈V3 ∪ V4.
Subcase 1.2.1: Suppose that one of the vertices u and v is in V3 ∪ V4, say v∈V3 ∪ V4.
This implies that D′ = D − v has the partition-sequence 4; 4; 5; 6. Because of (|V (D′)| − |V ′3 | − 2|V ′4 | + 2)=2 =
2¿ ig(D′), Theorem 17 yields that D′ is Hamiltonian and thus D contains a Hamiltonian path with the terminal arc e, a
contradiction.
Subcase 1.2.2: Let {u; v} ⊆ V1 ∪ V2.
If we de6ne D′ = D − v, then D′ has the partition-sequence 3; 4; 6; 6 such that d+(x) = d−(x) = 8 for x∈V ′1 ,
{d+(x); d−(x)} = {7; 8} for x∈V ′2 and {d+(x); d−(x)} = {6; 7} for x∈V ′3 ∪ V ′4 . Since (|V (D′)| − |V ′3 | − 2|V ′4 | + 2)=2 =
3
2 ¿ 1 = il(D
′) and |V (D′)| − 3|V ′4 | + 1 = 2¿il(D′), Theorem 17 implies that D′ has a Hamiltonian cycle, and thus D
has a Hamiltonian path with the terminal arc e = uv, a contradiction.
Case 2: Let c = 7 and r = 1.
If |V5|¿ 2 or |V7|6 2, then Corollary 23(b) implies that D has a Hamiltonian path with the initial arc e, a contradiction.
Since ig(D)=1, the partition-sequence 1; 1; 1; 1; 1; 2; 3 is impossible. Hence, there remain to consider the partition-sequences
1; 1; 1; 1; 1; 1; 3 and 1; 1; 1; 1; 1; 3; 3.
Subcase 2.1: Let (ni) = 1; 1; 1; 1; 1; 1; 3.
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This implies d+(x) = d−(x) = 4 for x∈V1 ∪ V2 ∪ · · · ∪ V6 and d+(x) = d−(x) = 3 for x∈V7.
Subcase 2.1.1: Suppose that one of the vertices u and v is part of V7, say v∈V7.
Then let D′=D− v. This implies ig(D′)6 2 and D′ has the partition-sequence 1; 1; 1; 1; 1; 1; 2. Since (|V (D′)| − |V ′6 | −
2|V ′7 |+2)=2= 52 ¿ig(D′), Theorem 17 yields that D′ contains a Hamiltonian cycle, and hence, D has a Hamiltonian path
with e as the terminal arc, a contradiction.
Subcase 2.1.2: Let {u; v} ⊆ V1 ∪ V2 ∪ · · · ∪ V6.
It follows that D′ = D − v has the partition-sequence 1; 1; 1; 1; 1; 3. Furthermore, we see that {d+(x); d−(x)} = {3; 4}
for x∈V ′1 ∪ V ′2 ∪ · · · ∪ V ′5 and {d+(x); d−(x)}= {2; 3} for x∈V ′6 . This shows that il(D′) = 1.
Subcase 2.1.2.1: Assume that D′ has a cycle-factor.
Since (|V (D′)| − |V ′5 | − 2|V ′6 |+ 3)=2 = 2¿il(D′), Lemma 16 implies that D′ is Hamiltonian, and hence D contains a
Hamiltonian path with the terminal arc e, a contradiction.
Subcase 2.1.2.2: Suppose that D′ has no cycle-factor.
Since (|V (D′)| − |V ′5 | − 2|V ′6 | + 3)=2 = 2¿il(D′), Theorem 15 yields Q1 = ∅ or Q2 = ∅. If |Y |6 2 or |Z |6 |Y | − 2,
then |V (D′)| − 3|V ′6 |+ 4 = 3¿il(D′) contradicts Theorem 15 with t¿ 1 or k¿ 1. Hence, let |Y |= 3 and |Z |= 2.
Firstly, let Q1 = ∅, which means Q = Q2 = {q1; q2; q3}. According to (1) and noticing that Q2 ⊆ R2, it follows that
Y → Q → Z = {z1; z2} → Y , q1 → q2 → q3 → q1. If, without loss of generality, z1 → z2, then we deduce that
z2 → v → z1 and Q → v → Y = {y1; y2; y3}. If z2 = u, then y1q1z2vy2q2z1y3q3 is a Hamiltonian path through e, and if,
without loss of generality, q1 = u, then y1q1vy2q2z1y3q3z2 is a Hamiltonian path containing e= uv, a contradiction in both
cases.
Secondly, let Q2 = ∅, which means Q = Q1 = {q1; q2; q3}. According to (1) and noticing that Q1 ⊆ R1, it follows that
Y → Z = {z1; z2} → Q → Y , q1 → q2 → q3 → q1, z1 → z2 → v → z1 and Y → v → Q. Since u; v∈V1 ∪ V2 ∪ · · · ∪ V6,
we deduce that u= z2. But now q3y1z2vq1y2z1q2y3 is a Hamiltonian path containing e, a contradiction.
Subcase 2.2: Let (ni) = 1; 1; 1; 1; 1; 3; 3.
The fact that ig(D)= 1 implies that d+(x)=d−(x)= 5 for x∈V1 ∪V2 ∪ · · · ∪V5 and d+(x)=d−(x)= 4 for x∈V6 ∪V7.
Subcase 2.2.1: Suppose that one of the vertices u and v is in V6 ∪ V7, say v∈V6 ∪ V7.
It follows that D′=D−v has the partition-sequence 1; 1; 1; 1; 1; 2; 3. Because of (|V (D′)|−|V ′6 |−2|V ′7 |+2)=2=2¿ ig(D′),
Theorem 17 yields that D′ has a Hamiltonian cycle and thus D contains a Hamiltonian path with the terminal arc e= uv,
a contradiction.
Subcase 2.2.2: Let {u; v} ⊆ V1 ∪ V2 ∪ · · · ∪ V5.
We observe that D′ = D − v has the partition-sequence 1; 1; 1; 1; 3; 3 such that {d+(x); d−(x)} = {4; 5} for x∈V ′1 ∪
V ′2 ∪ V ′3 ∪ V ′4 and {d+(x); d−(x)} = {3; 4} for x∈V ′5 ∪ V ′6 . Since (|V (D′)| − |V ′5 | − 2|V ′6 | + 2)=2 = 32 ¿ 1 = il(D′) and
|V (D′)| − 3|V ′6 |+1=2¿il(D′), Theorem 17 yields that D′ is Hamiltonian and thus D contains a Hamiltonian path with
the terminal arc e, a contradiction.
This completes the proof of the theorem.
Next we will prove that we can omit the assumption r¿ 2 in Condition (ii) of Theorem 24.
Theorem 25. If D is an almost regular c-partite tournament with c=6, then every arc of D is contained in a Hamiltonian
path.
Proof. Let V1; V2; : : : ; V6 be the partite sets of D. According to Lemma 18, we observe that 16 r = |V1|6 |V2|6 · · ·6
|V6|6 r + 2. Because of the Theorems 3 and 6, it remains to consider the cases that ig(D)= 1 and |Vc|¿ r + 1. Let
e = uv be an arbitrary arc of D and suppose that e is not contained in any Hamiltonian path of D. If we assume that
a digraph D′ has no cycle-factor, then we de6ne the sets Q1; Q2; Vi; Y; Z; R1 and R2 as in Theorem 15. Furthermore, let
Y1=R1∩Vi and Y2=R2∩Vi. In the following we will often use the subdigraph D′=D−v with the partite sets V ′1 ; V ′2 ; : : : ; V ′p
such that |V ′1 |6 |V ′2 |6 · · ·6 |V ′p |. It is obvious that 56p6 6.
If |V3|¿ 2 or |V4|¿ 3 or |V4|=2 and |V6|=2, then Corollary 23 implies that D has a Hamiltonian path with the initial
arc e, a contradiction. Since ig(D) = 1 the partition sequences 1; 1; 1; 1; 1; 3; 1; 1; 1; 1; 3; 3 and 1; 1; 1; 2; 2; 3 are impossible.
Consequently, there remain to consider the following four partition-sequences.
Case 1: Let (ni) = 1; 1; 1; 2; 3; 3.
This yields d+(x) = d−(x) = 5 for x∈V1 ∪ V2 ∪ V3, {d+(x); d−(x)} = {4; 5} for x∈V4 and d+(x) = d−(x) = 4 for
x∈V5 ∪ V6.
Subcase 1.1: Assume that one of the vertices u and v is in V5 ∪ V6, say v∈V5 ∪ V6.
This yields D′ =D− v has the partition-sequence 1; 1; 1; 2; 2; 3. Because of (|V (D′)| − |V ′5 | − 2|V ′6 |+ 2)=2 = 2= ig(D′),
Theorem 17 implies that D′ contains a Hamiltonian cycle, a contradiction.
Subcase 1.2: Suppose that one of the vertices u and v is in V4, say v∈V4.
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In this case we observe that D′ = D − v has the partition-sequence 1; 1; 1; 1; 3; 3, and thus {d+(x); d−(x)} = {4; 5} for
x∈V ′1 ∪ V ′2 ∪ · · · ∪ V ′4 and {d+(x); d−(x)}= {3; 4} for x∈V ′5 ∪ V ′6 . Since (|V (D′)| − |V ′5 | − 2|V ′6 |+2)=2= 32 ¿ 1= il(D′)
and |V (D′)| − 3|V ′6 |+ 1 = 2¿il(D′), Theorem 17 implies that D′ is Hamiltonian, a contradiction.
Subcase 1.3: Let {u; v} ⊆ V1 ∪ V2 ∪ V3.
This implies that D′ = D − v has the partition-sequence 1; 1; 2; 3; 3 such that {d+(x); d−(x)} = {4; 5} for x∈V ′1 ∪ V ′2 ,
{d+(x); d−(x)}= {3; 5} or d+(x) = d−(x) = 4 for x∈V ′3 and {d+(x); d−(x)}= {3; 4} for x∈V ′4 ∪ V ′5 .
Subcase 1.3.1: Assume that D′ has no cycle-factor.
Since |V (D′)| − 3|V ′6 | + 2 = 3¿il(D′), Theorem 15 leads to Q1 = ∅ and Q2 = ∅. If |Y |6 2 or |Z |6 |Y | − 2, then
Theorem 15 with t¿ 1 or k¿ 1 yields a contradiction. Hence, let |Y |= 3 and |Z |= 2.
If |Q1|=2 and |Q2|=3, then let q1; q′1 ∈Q1. Since Q1 ❀ Y ∪Q2 and d+(q1)6 5, there exists a vertex q2 ∈V (q1)∩Q2.
If q′1 ∈V (q1), then it follows that |V (q1)|=3 and d+(q1)¿ 5, a contradiction. If q′1 ∈ V (q1), then because of d+(q1)6 5,
we deduce that q′1 → q1 and thus d+(q′1)¿ 6 or d+(q′1)¿ 5 and q′1 ∈V ′4 ∪ V ′5 , in both cases a contradiction.
The case that |Q1|= 3 and |Q2|= 2 follows analogously.
If |Q1|=1 and |Q2|=4, then either d+(q1)¿ 6 or d+(q1)¿ 5 and |V (q1)|=3, if q1 ∈Q1, in both cases a contradiction.
The case that |Q1|= 4 and |Q2|= 1 follows analogously.
Subcase 1.3.2: Let D′ have a cycle-factor.
According to Theorem 12 we have (D′)¿ 1. If (D′)¿ 2, then because of ((D′))=2+1= 32+1=2, Theorem 11
yields that D′ is Hamiltonian, a contradiction. Hence, let (D′) = 1. This implies that D′ has a cut-vertex vˆ such that
D′′ = D′ − vˆ consists of the strong components P1; P2; : : : ; Pt with t¿ 2 and Pi ❀ Pj , if i ¡ j. If |V (P1)|6 3, then we
conclude that d−D′(v1)6 2 for all v1 ∈V (P1), a contradiction. Hence, let |V (P1)|¿ 4. Analogously, we see that |V (Pt)|¿ 4.
Since |V (D′′)| = 9, it follows that |V (P1)| = 4 or |V (Pt)| = 4. Without loss of generality, let |V (P1)| = 4. This yields at
least two vertices v1; v˜1 ∈V (P1) such that d−D′(v1); d−D′(v˜1)6 2, again a contradiction.
Case 2: Let (ni) = 1; 1; 1; 1; 2; 3.
This yields d+(x) = d−(x) = 4 for x∈V1 ∪ V2 ∪ V3 ∪ V4, {d+(x); d−(x)}= {3; 4} for x∈V5 and d+(x) = d−(x) = 3 for
x∈V6.
Subcase 2.1: Suppose that one of the vertices u and v is in V6, say v∈V6.
In this case, we obtain that D′ =D− v has the partition-sequence 1; 1; 1; 1; 2; 2. Since (|V (D′)| − |V ′5 | − 2|V ′6 |+ 2)=2 =
2¿ ig(D′), Theorem 17 implies that D′ has a Hamiltonian cycle, a contradiction.
Subcase 2.2: Assume that one of the vertices u and v is in V5, say v∈V5.
It follows that D′=D−v has the partition-sequence 1; 1; 1; 1; 1; 3. Furthermore, we conclude that {d+(x); d−(x)}={3; 4}
for x∈V ′1 ∪V ′2 ∪· · ·∪V ′5 and {d+(x); d−(x)}={2; 3} for x∈V ′6 . Because of (|V (D′)|−|V ′5 |−2|V ′6 |+3)=2=2¿ 1= il(D′),
it remains to consider the case that D′ has no cycle-factor and Q1 = ∅ or Q2 = ∅. If |Y |6 2 or |Z |6 |Y | − 2, then
|V (D′)| − 3|V ′6 |+ 4 = 3¿il(D′) contradicts Theorem 15 with t¿ 1 or k¿ 1. Hence, let |Y |= 3 and |Z |= 2.
Firstly, let Q1=∅. We observe that Y={y1; y2; y3} → Q2={q1; q2; q3} → Z={z1; z2} → Y , v→ Y , q1 → q2 → q3 → q1,
z1 → z2 ❀ v❀ z1 and Q2 ❀ v, since otherwise we arrive at a contradiction to the degree-conditions or to (1). If u∈Q2
(without loss of generality let u=q1), then q1vy1q2z1y2q3z2y3 is a Hamiltonian path, and if u= z2, then y1q1z2vy2q2z1y3q3
is a Hamiltonian path containing the arc e, in both cases a contradiction.
Secondly, let Q2=∅. Analogously as above, we see that Y={y1; y2; y3} → v, Z={z1; z2} → Q1={q1; q2; q3} → Y → Z ,
z1 → z2 ❀ v ❀ z1, q1 → q2 → q3 → q1 and v ❀ Q1. Since u∈V1 ∪ V2 ∪ · · · ∪ V4, we obtain that u = z2. The vertex
v has at least two outer neighbors in Q1. Hence, without loss of generality, let v → q1. Now, q3y1z2vq1y2z1q2y3 is a
Hamiltonian path through e, a contradiction.
Subcase 2.3: Let {u; v} ⊆ V1 ∪ V2 ∪ V3 ∪ V4.
It follows that D′ =D− v has the partition-sequence 1; 1; 1; 2; 3 such that {d+(x); d−(x)}= {3; 4} for x∈V ′1 ∪ V ′2 ∪ V ′3 ,
{d+(x); d−(x)}= {2; 4} or d+(x) = d−(x) = 3 for x∈V ′4 and {d+(x); d−(x)}= {2; 3} for x∈V ′5 .
Subcase 2.3.1: Suppose that D′ has a cycle-factor.
In this case, let F be a minimum cycle-factor with the properties of the Theorems 8 and 9. Since |V (D′)| = 8, F
consists of at most two cycles. If F consists of one cycle, then D contains a Hamiltonian path with the terminal arc e,
a contradiction. Hence, let F consist of the two cycles C1 and C2 such that C1 
¿C2. If u∈V (C2), then C1u+ : : : u−uv
is a Hamiltonian path of D. Consequently, let u∈V (C1). If v → u+, then uvu+ : : : u−C2 is a Hamiltonian path of D and
if there is a vertex v2 ∈V (C2) such that v → v2, then u+ : : : u−uvv2v+2 : : : v−2 is a Hamiltonian path of D, in both cases a
contradiction. Hence, let {u; u+} ∪ V (C2)→ v, which means d−(v)¿ 5, also a contradiction.
Subcase 2.3.2: Assume that D′ has no cycle-factor.
If Q1 =∅ or Q2 =∅ and |Y |6 2 or |Z |6 |Y |−2, then we arrive at a contradiction to Theorem 15 with k¿ 1 or t¿ 1.
Hence, let |Y |= 3 and |Z |= 2 in these cases.
Firstly, let Q1 = ∅. We observe that |Q2| = |Q| = 3. Because of Y → Q2 and d−(q)6 4 for all q∈Q2, it follows
that Q2 ❀ Z , since otherwise, if z2 → q2 with z2 ∈ Z and q2 ∈Q2, then V ′4 ⊆ Q2, d−(q) = 4 for all q∈Q2 and
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z1 → z2 with z1 ∈ Z . This implies that v→ (Y ∪ Z), that means d+(v)¿ 5, a contradiction. Hence, let Y = {y1; y2; y3} →
Q2 = {q1; q2; q3}❀ Z → Y and v→ Y . If u∈ Z = {z1; z2} (without loss of generality let u= z2), then y1q3z2vy2q2z1y3q1
is a Hamiltonian path containing e, and if u∈Q2 (without loss of generality let u = q1), then y1q1vy2q2z1y3q3z2 is a
Hamiltonian path through e, if we enumerate the vertices of Z and Q2 such that q2 → z1 and q3 → z2, in both cases a
contradiction.
Secondly, let Q2 =∅. Since |Q1|=3, (1) and the degree-conditions imply that Q1 → Y → (Z ∪{v}). Analogously as we
have Q2 ❀ Z in the case Q1 =∅, we conclude that the case Q2 =∅ yields Z ❀ Q1. If there is an arc q1 → v with q1 ∈Q1,
then we arrive at V ′4 ⊆ Q1, d+(q)¿ 4 for all q∈Q1, z1 → z2 for the vertices z1; z2 ∈ Z and v → Z . Summarizing our
results, we see that d−(z2)¿ |Y |+2= 5, a contradiction. Hence, let v→ Q1. Since u∈V1 ∪ V2 ∪ · · · ∪ V4, it remains the
case that u= z2 with z2 ∈ Z . If Y ={y1; y2; y3}, Z={z1; z2} and Q1 ={q1; q2; q3}, then q1y1z2vq2y2z1q3y3 is a Hamiltonian
path containing the arc e, a contradiction.
Thirdly, let Q1 = ∅ and Q2 = ∅. If |Z |6 |Y | − 2, then Theorem 15 with k¿ 1 yields a contradiction. Hence let
|Z |= |Y | − 1.
If |Y |=3 and thus |Z |=2, then 6rstly let |Q1|=1 and |Q2|=2. Because of (1) and the degree-conditions, we observe that
V ′4 ={q1; q2} with Q1 ={q1} and Q2 ={q2; q′2} such that q′2 → q2, Q1 → Y , q1 → q′2, Q2 → Z={z1; z2} → Q1 and Q2 →
v→ Q1. Notice that v has at least one outer neighbor in Y . Hence, let v→ y2 with y2 ∈ Y . Let Y ={y1; y2; y3}. If u=q′2,
then y3q′2vy2q2z1z2q1y1 is a Hamiltonian path, and if u∈ Z (without loss of generality let u= z1), then y1q2z1vy2q′2z2q1y3
is a Hamiltonian path through e, in both cases a contradiction. If |Q1| = 2 and |Q2| = 1, then analogously, we see that
V ′4 = {q1; q2} with Q1 = {q1; q′1} and Q2 = {q2}, Q2 → v→ Q1 and Q2 → Z = {z1; z2} → Q1. If we have z ∈ Z arbitrary,
then it follows that there is a vertex y∈ Y such that y → z. Let Y = {y1; y2; y3}. If u∈ Z (without loss of generality
let u = z2), then let y1 → z2 and y1z2vq1y2q2z1q′1y3 is a Hamiltonian path containing the arc e, a contradiction. Since
u∈V1 ∪ V2 ∪ V3 ∪ V4, z2 and z1 are the only possible candidates for u.
Now, let |Y | = 2 and thus |Z | = 1. If Y = V ′4 , then we deduce that |Q1| + |Q2| = 5 and there remain the cases that
|Q1|=2 and |Q2|=3 or |Q1|=3 and |Q2|=2 or |Q1|=1 and |Q2|=4 or |Q1|=4 and |Q2|=1. Because of Q1 → Y → Q2
and Q1 ❀ Q2 in all cases, it is a simple matter to verify that either there is a vertex q1 ∈Q1 such that d+(q1)¿ 5 or
d+(q1)¿ 4 and q1 ∈V ′5 or a vertex q2 ∈Q2 such that d−(q2)¿ 5 or d−(q2)¿ 4 and q2 ∈V ′5 , in all cases a contradiction.
Hence, let Y ⊆ V ′5 . If Z ⊆ V ′5 , then we obtain |Q1| + |Q2| = 5 and analogously as above, we arrive at a contradiction.
If Z * V ′5 , then there exists a vertex y∈V ′5 − (Y ∪ Z), and thus |Q1| + |Q2| = 4. If |Q1| = |Q2| = 2, then, without loss
of generality, let y∈R1 ∩ V ′5 . Since y → Q2, there is a vertex q2 ∈Q2 such that d−(q2)¿ 5, a contradiction. If |Q1|= 3
and |Q2|=1, then it follows that q2 ∈V ′4 , y∈R2 ∩ V ′5 and Q1 ∪ {q2} → y. Now, we see that d−(y)¿ 4, a contradiction.
Analogously the case that |Q1|= 1 and |Q2|= 3 yields a contradiction.
If |Y |6 1, then because of (|V (D′)|− |V ′4 |− 2|V ′5 |+5)=2= 52 ¿il(D′) we arrive at a contradiction to Theorem 15 with
t¿ 2.
Case 3: Let (ni) = 1; 1; 1; 1; 1; 2.
In this case, we deduce that d+(x) = d−(x) = 3 for x∈V1 ∪ V2 ∪ · · · ∪ V5 and {d+(x); d−(x)}= {2; 3} for x∈V6.
Subcase 3.1: Assume that one of the vertices u and v is in V6, say v∈V6.
It follows that D′ = D − v has the partition-sequence 1; 1; 1; 1; 1; 1. Since (|V (D′)| − |V ′5 | − 2|V ′6 | + 2)=2 = 52 ¿ig(D′),
Theorem 17 guarantees the existence of a Hamiltonian cycle in D′, a contradiction.
Subcase 3.2: Let {u; v} ⊆ V1 ∪ V2 ∪ · · · ∪ V5.
This implies that D′=D−v has the partition-sequence 1; 1; 1; 1; 2 such that {d+(x); d−(x)}={2; 3} for x∈V ′1 ∪V ′2 ∪ · · · ∪
V ′4 and d
+(x) = d−(x) = 2 or {d+(x); d−(x)}= {1; 3} for x∈V ′5 .
Subcase 3.2.1: Suppose that D′ has a cycle-factor.
In this case, analogously to Subcase 2.3.1, we arrive at a contradiction.
Subcase 3.2.2: Assume that D′ has no cycle-factor.
If |Y |6 1 or |Z |6 |Y | − 2, then we obtain a contradiction to Theorem 15 with t¿ 1 or k¿ 1. Hence, let |Y |=2 and
|Z | = 1. If Q1 = ∅, then it follows that |Q2| = 3. According to (1), we observe that Y → Q2 and the degree-conditions
imply that Z → Y . Since d−(q)6 3 for all q∈Q2, we obtain that q1 → q2 → q3 → q1, if Q2 = {q1; q2; q3}. Now, we
observe that (Q2 ∪Z)→ v, which means d−(v)¿ 4, a contradiction. Analogously, we arrive at a contradiction, if Q2 =∅.
Consequently, it remains to consider the case that Q1 = ∅ and Q2 = ∅. If |Q1| = 1 and |Q2| = 2, then because of
Q1 → (Y ∪ Q2) we observe that d+(q1)¿ 4, a contradiction to d+(x)6 3 for all x∈V (D). Analogously, we arrive at a
contradiction, if |Q1|= 2 and |Q2|= 1.
Case 4: Let (ni) = 1; 1; 1; 1; 2; 2.
In this case, it follows that {d+(x); d−(x)}= {3; 4} for x∈V1 ∪ V2 ∪ V3 ∪ V4 and d+(x); d−(x) = 3 for x∈V5 ∪ V6.
Subcase 4.1: Assume that one of the vertices u and v is in V5 ∪ V6, say v∈V5 ∪ V6.
This yields that D′=D−v has the partition-sequence 1; 1; 1; 1; 1; 2. Because of (|V (D′)|−|V ′5 |−2|V ′6 |+2)=2=2¿ ig(D′)
Theorem 17 implies the existence of a Hamiltonian cycle of D′, a contradiction.
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Fig. 2. An almost regular 4-partite tournament D with the property that the arc uv is not contained in a Hamiltonian path of D.
Subcase 4.2: Let {u; v} ⊆ V1 ∪ V2 ∪ V3 ∪ V4.
It follows that D′=D− v has the partition-sequence 1; 1; 1; 2; 2 such that d+(x)=d−(x)= 3 or {d+(x); d−(x)}= {2; 4}
for x∈V ′1 ∪ V ′2 ∪ V ′3 and {d+(x); d−(x)}= {2; 3} for x∈V ′4 ∪ V ′5 .
Subcase 4.2.1: Suppose that D′ has a cycle factor.
In this case, analogously to Subcase 2.3.1, we arrive at a contradiction.
Subcase 4.2.2: Let D′ have no cycle-factor.
Since |V (D′)| − 3|V ′5 |+ 2 = 3¿il(D′) Theorem 15 yields that Q1 = ∅ and Q2 = ∅. If |Y |6 1 or |Z |6 |Y | − 2, then
we obtain a contradiction to Theorem 15 with t¿ 1 or k¿ 1. Hence, let |Y |= 2 and |Z |= 1. Without loss of generality,
let Y = V ′5 .
Firstly, let |Q1|=|Q2|=2. If Q1∩V ′4 =∅, then there is an arc q1 → q′1 in E(D′[Q1]) and we conclude that d+(q1)¿ |Y |+
|Q2|+1=5, a contradiction. Analogously, we arrive at a contradiction, if Q2 ∩V ′4 = ∅. Let q1q′1 ∈E(D′[Q1]). Then either
d+(q1)¿ 4 and q1 ∈V ′4 or d+(q1)¿ 5, in both cases a contradiction.
Secondly, let |Q1|= 1 and |Q2|= 3. If q1 ∈Q1, then we observe that either d+(q1)¿ 4 and q1 ∈V ′4 or d+(q1)¿ 5, in
both cases a contradiction. Analogously, we obtain a contradiction, if |Q1|= 3 and |Q2|= 1.
This completes the proof of the theorem.
In the case that c = 4, the statement of the last theorem becomes false as the following example demonstrates.
Example 26. Let V1 ={u}, V2 = {v}, V3 = {q1; q2} and V4 ={y1; y2; y3} be the partite sets of a multipartite tournament
D such that V4 → q2 → (V1 ∪ V2)→ q1 → V4 and u→ v→ {y1; y2} → u→ y3 → v (see Fig. 2). Then D is an almost
regular 4-partite tournament with the property that the arc uv is not contained in a Hamiltonian path of D.
Remark 27. With similar methods as in the proof of Theorem 25 we have shown that the assertion of this theorem also
holds, if c¿ 4 and D does not have the partition-sequence 1; 1; 2; 3, but the improvement may not be worth the additional
eGort in this paper.
Theorems 24, 25 and Remark 27 lead immediately to our main result, which contains the statement that g(1) = 5 with
g de6ned as in Problem 4.
Theorem 28. Let D be an almost regular c-partite tournament. If c¿5 or if c = 4 and D does not have the partition-
sequence 1; 1; 2; 3, then every arc of D is contained in a Hamiltonian path of D.
5. Hamiltonian paths containing a given arc in almost regular 3-partite tournaments
As seen in Theorem 28, there are only a few almost regular 4-partite tournaments with the property that not all arcs are
contained in a Hamiltonian path. In the class of almost regular 3-partite tournaments, there are in6nitely many digraphs
with this property as the following two examples demonstrate.
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Example 29. Let D′ be a 3-partite tournament with the partite sets V1 = {x1; x2; : : : ; xr}, V2 = {y1; y2; : : : ; yr} and V3 =
{z1; z2; : : : ; zr+1} such that V1 → V2 → V3 → V1. If we reverse the cycle x1y1z1x1 of D′, then the resulting 3-partite
tournament D is almost regular with the property that the arc y1 → x1 is not contained in a Hamiltonian path of D.
Example 30. Let D′ be a 3-partite tournament with the partite sets V1 = {x1; x2; : : : ; xr}, V2 = {y1; y2; : : : ; yr} and V3 =
{z1; z2; : : : ; zr+2} such that V1 → V2 → {z1; z2; : : : ; zr} → V1, V1 → zr+1 → V2 and V2 → zr+2 → V1. If we reverse
the cycle x1y1zr+2x1 of D′, then the resulting 3-partite tournament D is almost regular with the property that the arc
y1 → x1 is not contained in a Hamiltonian path of D.
Nevertheless, we will present a su;cient condition for an arc of an almost regular 3-partite tournament D to be part
of a Hamiltonian path of D.
Theorem 31. Let D be an almost regular 3-partite tournament. Then every arc that is contained in a cycle-factor of D
belongs to a Hamiltonian path of D.
Proof. Let e = uv be an arbitrary arc that is contained in a cycle-factor F . Suppose that there is no Hamiltonian path
in D including e. If F consists of only one cycle, then D is Hamiltonian, a contradiction. Hence, let F consist of at
least two cycles. Now let C be the cycle containing the arc e and F ′ = F − V (C). According to Theorem 8, we may
assume that F ′ = C1 ∪C2 ∪ · · · ∪ Cp with the properties given in Theorem 8. Since D is almost regular, Lemma 13
implies that
d(C1; F
′ − V (C1)) + d(C1; C)6 |C1|+ d(F ′ − V (C1); C1) + d(C; C1): (3)
If there is a vertex in C except u with an outer neighbor in C1, then, according to Theorem 8, it is a simple matter to
6nd a Hamiltonian path containing the arc e=uv, by using this arc, and 6rst picking up all vertices in C, then all vertices
in C1, then all in C2, etc.
Thus, it remains the case that V (C1)❀ (V (C)− {u}). Since |V (C)|¿ 3, we conclude that d(C1; C)¿d(C; C1).
Firstly, we assume that F ′ consists of only one cycle. As seen above, we have V (C1)❀ v+. If w∈V (C1) is a vertex
such that w → v+, then w+ : : : w−wv+ : : : uv is a Hamiltonian path with e = uv as the last arc, a contradiction.
Secondly, let F ′ consist of p¿ 2 cycles. If V (C1)❀ V (Cj) for some j∈{2; 3; : : : ; n}, then, using Theorem 9, we con-
clude that d(C1; F ′−(V (C1)∪V (Cj)))¿ 2d(F ′−(V (C1)∪V (Cj)); C1). Because of d(C1; Cj)¿ 2|C1|¿ |C1|; d(Cj; C1)=0
and d(C1; C)¿d(C; C1), we obtain
d(C1; F
′ − V (C1)) + d(C1; C) = d(C1; Cj) + d(C1; F ′ − (V (C1) ∪ V (Cj))) + d(C1; C)
¿ |C1|+ d(Cj; C1) + d(F ′ − (V (C1) ∪ V (Cj)); C1) + d(C; C1)
= |C1|+ d(C; C1) + d(F ′ − V (C1); C1);
a contradiction to (3). Hence, for all 26 j6p, there exist vertices vj ∈V (Cj) and v1; j ∈V (C1) such that vj → v1; j .
According to Theorem 9, we have v1; j → v+j and v−1; j → vj and there is a partite set V ∗(1; j) such that {v−1; j ; v+j } ⊆
V ∗(1; j). Theorem 8 implies that every vertex of Ci+1 has an inner neighbor in V (Ci). Using the arc vpv1;p, we conclude
that |V (C)|= 3, which means C = uvwu, and V ∗(1; p) = V (w), since otherwise
C2C3 : : : Cp−1v
+




1;p : : : v
−
1;pv
+ : : : uv or
C2C3 : : : Cp−1v
+




1;p : : : v
−
1;p(v
+)+ : : : uvv+ (4)
is a Hamiltonian path through e = uv, if p¿ 3, a contradiction. In the case that p = 2 omitting the terms C2C3 : : : Cp−1
in (4), we analogously arrive at a contradiction.
Altogether we observe that for all vertices v1 ∈V (C1) having an inner neighbor in V (Cj) it has to be v−1 ❀ V (Cj),
since otherwise (v−1 )
− ∈V ∗(1; j), a contradiction to the existence of the arc (v−1 )− → v−1 . According to Theorem 8, every
vertex of V (C1) has an outer neighbor in V (C2). By the results above, we conclude that for the predecessor v−1 of each
vertex v1 ∈V (C1) with |N−(v1) ∩ V (Cj)|= i (26 j6p, 16 i6p− 1) we have the estimation
|N+(v−1 ) ∩ V (Cj)|¿
{
2; i = 1;
i; i¿ 2:
Furthermore, we observe that |N+(v1)∩V (C2)|¿ 2, if i¿ 2. Altogether, we observe the following: Every vertex of V (C1)
has an outer neighbor in V (C2). Since v−1 ❀ V (C2), if there is an arc v2 → v1 with v1 ∈V (C1) and v2 ∈V (C2), the
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observations above imply that for each arc leading from V (C2) to V (C1), there is an additional arc leading from V (C1)
to V (C2). This means d(C1; C2)¿ |C1|+ d(C2; C1). Using this and Theorem 8, we arrive at a contradiction to (3) by
d(C1; F
′ − V (C1)) + d(C1; C) = d(C1; F ′ − (V (C1) ∪ V (C2))) + d(C1; C2) + d(C1; C)
¿ 2d(F ′ − (V (C1) ∪ V (C2)); C1) + |C1|+ d(C2; C1) + d(C; C1)
¿d(F ′ − V (C1); C1) + |C1|+ d(C; C1);
if p¿ 3.
Hence, let p = 2. In this case, it is easy to see that V (C) − {v}❀ V (C2), since otherwise there can be found a
Hamiltonian path containing the arc e, a contradiction. Especially, it has to be u❀ C2. If additionally there is at most one
vertex vˆ1 ∈V (C1) such that vˆ1 → u, then because of |V (C)|=3, it follows that d−(u)6 2 and d+(u)¿ 4, a contradiction
to ig(D)6 1. Hence, there exist vertices vˆ1; v˜1 ∈V (C1) such that {vˆ1; v˜1} → u, and thus we have d(C1; C)¿d(C; C1)+4.
Summarizing our results, we arrive at
d(C1; F
′ − V (C1)) + d(C1; C)¿ |C1|+ d(F ′ − V (C1); C1) + d(C; C1) + 4;
a contradiction to (3). This completes the proof of the theorem.
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